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Abstract

An analytical model, simultaneously accounting for gravity, vapor shear along axial direction and surface tension
e�ects on the condensate ®lm layer, is proposed for ¯ow condensation process in horizontal annulus with small/mini
diameter inner tube and traditional industrial-used outer adiabatic tube. The analysis shows that, the e�ect of
surface tension can not be neglected for small/mini tube of diameter less than 3 mm o.d., especially in low vapor

quality zone. The shear stress and surface tension in¯uence the ¯ow condensation mainly by means of distributing
condensate ®lm uniformly along tube circumference in horizontal annulus. Experiments were conducted to examine
the analysis. # 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Flow condensation is widely adopted in process
industries, refrigeration equipment, and power system.

As a result of technological progress, it is essential to

have compact and e�cient condensers in many appli-

cations, such as automotive air conditioners or life-
support systems in space, and also the recent advances

for micro mechanical system (MMS). It is therefore

logical to use small or mini-diameter tubes. We can
deduce that more e�cient condensation will take place

inside or outside a pipe of small/mini diameter owing

to larger speci®c surface area for heat transfer. In the
present study, an assessing of the potential of such a
horizontal annulus as condenser with inner small/mini

diameter tube is taken.
Up to now, the Nusselt analysis [1] for laminar ®lm

condensation is still used as the fundamental basis for

solving problems connected with condensation. How-
ever, there are many circumstances where Nusselt the-
ory underpredicts the heat transfer rate. This results
from the basic assumptions Nusselt obtained his sol-

ution on plain surfaces for the case of non-moving
vapor and neglecting the shear stress on vapor±liquid
interface. Many attempts [2±4] have been done to

improve Nusselt's analysis by taking into account the
e�ect of shear stress. However, few have taken into
consideration the surface tension e�ects on the conden-

sate ®lm in their analysis. Rohsenow [5] put forward
that for tubes of diameter larger than 3 mm, the con-
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densate ®lm can be treated as on a plain surface,
otherwise, the bending e�ect of condensate ®lm can

not be neglected. Some researchers have reported the
impact of surface tension on the curved condensate
surface, primarily with respect to leading edge e�ects

[6±8]. Krupiczka [9] and Buznik et al. [10] considered
the variation in curvature of condensate ®lm,
accounted for a pressure gradient term due to surface

tension. Jacobi and Goldschmidt [11] extended Nus-
selt's analysis to discuss the Marangoni e�ect on ®lm-
wise condensation heat transfer around a cylinder in

cross ¯ow. Most of these studies quoted [6±11] focused
on the condensation for vapor cross ¯ow on a cylinder
and didn't attempt to account for the coupling e�ects
of shear stress in tube axial direction.

The purpose of present study is to simultaneously
account for gravity, vapor shear along axial direction
and surface tension e�ects on the condensate layer in

horizontal concentric annulus with cold small/mini-di-
ameter inner tube and an adiabatic outer wall. Flow
condensation outside along a traditional inner tube of

larger diameter is also reckoned as for comparison.

2. Theoretical analysis

Taking the cylindrical co-ordinate system shown in
Fig. 1, a horizontal annulus with uniform temperature

Tw of inner wall surface and adiabatic outer wall is
considered. The saturated vapor at temperature Ts,

which is greater than Tw, ¯ows in the annulus with
inlet Reynolds number Rev0 and is condensed on the
inner tube wall surface. The condensate ®lm is simul-

taneously drained by shear stress due to the vapor ¯ow
in axial direction, dz, and by either gravity or surface
tension in circumference direction, r � dy, respectively.
The simplifying assumptions are made as: (1) there

are no interfacial waves between the condensate and
vapor; (2) there is no presence of non-condensable gas;

(3) neglect the convective terms in energy equation and
the inertia terms of momentum equation; (4) the tem-
perature of the outer surface of the ®lm was the same

Nomenclature

cf friction coe�cient
D inside diameter of outer tube
d outside diameter of inner tube

g gravitational acceleration
hlv latent heat of condensation
m
.

mass ¯ow rate

Nu Nusselt number
p pressure
q heat ¯ux

R outside radius of inner tube
Re Reynolds number
r radial coordinate
T temperature

u velocity in axial direction
v velocity along circumference
x vapor quality

z axial coordinate

Greek symbols
a heat transfer coe�cient
d thickness of condensate ®lm

l thermal conductivity

m dynamic viscosity
y polar angle
r density

s surface tension
t shear stress

Subscripts

0 inlet
cool cooling water
exp experimental
i inner tube

l liquid
o outer tube
R ratio of liquid and vapor properties

s saturation state
v vapor
w tube wall

d vapor±liquid interface

Superscript
- average or mean value

Fig. 1. Coordinating system and elementary condensate ®lm

volume for analysis.
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as the saturated vapor temperature; (5) the density, rl,
thermal conductivity, ll, and viscosity, ml, of the con-

densate are taken as constants, being independent of
temperature.
Then, the governing equations for conservation of

mass ¯ow and momentum transfer across the conden-
sate ®lm will be:

1

r

@v

@y
� @u
@z
� 0 �1�

where v is the condensate ®lm velocity along circumfer-
ence, u is the velocity along axial direction, and

ml

@ 2v

@r2
� rlg sin yÿ 1

r

@pl

@y
� 0 �2�

with the corresponding boundary conditions:

v � 0, for r � R; �3a�

@v

@r
� 0, for r � R� dl �3b�

where R is the outside radius of the inner tube, dl is
the condensate ®lm thickness, or dl=f(r, y ). In axial
direction, we have

1

r

@

@ r

�
rml

@u

@ r

�
� rlgÿ

@pl

@z
� 0 �4�

with boundary conditions as:

u � 0, for r � R �5a�

ml

@u

@r
� td, for r � R� dl �5b�

td is the shear stress on the vapor±liquid interface due
to vapor ¯ow.
The liquid ®lm thickness will vary along the axial

and circumference direction. An additional pressure

gradient can be produced by surface tension due to the
variation of condensate ®lm curvature. That is,

pl � pv � s
R� dl

or

@pl

r@y
� @pv

r@y
ÿ s

�R� dl�2
@ �R� dl�

r@y
�6�

we have

@pl

r@y
� rvg sin yÿ s

�R� dl�2
@ �R� dl�

r@y
�7�

if neglecting the frictional pressure drop and inertia
pressure drop along the periphery.

Combined with the boundary conditions, integrating
Eq. (2), we obtain the velocity pro®le along circumfer-
ence as

v � A

ml

�
R2 ÿ r2

2
� �R� dl��rÿ R�

�

� B

ml

�
R ln

R

R� dl

ÿ r ln
r

R� dl

ÿ R� r

� �8�

where

A � �rl ÿ rv�g sin y and

B � s

�R� dl�2
@ �R� dl�

@y
�9�

The ®rst term of the right-hand side of Eq. (8) results

from the gravity, whereas the second term involving B
re¯ects the e�ect of surface tension on vapor±liquid
interface.

The ®lm thickness in axial direction is fairly uniform
as compared with the variation along circumference,
and therefore, the capillary pressure drop along axial

direction can be neglected. Hence, the pressure gradi-
ent of condensate ®lm respected to z comes mainly
from frictional pressure drop due to the vapor ¯ow. A

momentum balance for the vapor region yields

@pv

@z
� ÿ

2

�2p
0

td�R� dl�dy� pDitw�2p
0

�Di=2ÿ �R� dl��dy
: �10�

The condensate ®lm thickness is comparatively so
small, with respect to the hydraulic diameter of the
annulus, (Diÿdo), that, the pressure drop of liquid

along axis can be obtained as

@pl

@z
� ÿ4�tddo � twDi�

D2
i ÿ d 2

o

: �11�

No mass transfer exists on the adiabatic outer wall of

the annulus, the shear stress would be resulted from
the ¯ow friction, i.e.

tw � cf

2
rvu

2
v: �12�

But also, the interfacial shear stress, td, due to the
vapor condensed onto liquid surface should be

included on the inner wall as

td � cf

2
rv�uv ÿ u jr�R�dl

�2 � @ 2ml

r@y@z
�uv ÿ u jr�R�dl

� �13�

among which, the two-phase ¯ow friction coe�cient,
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cf , was given by Henstock and Hamratty [12] for circu-
lar pipe ¯ow with Rev0r2000, and was later adopted

by Faghri and Chow [13] to annular ¯ow as

cf=2 � �cf=2���1� 850F � �14�

where

�cf=2�� � 0:085=Re0:25v �15a�

F � gmR=�r0:5R Re0:9v � �15b�

g � ��1:414Re0:5l �2:5 � �0:132Re0:9l �2:5�0:4: �15c�

Consequently, the velocity pro®le in axial direction can
be deduced from integrating Eq. (4) along with the

boundary conditions, Eq. (5), and applying Eq. (11)±
(13) as

u � A

2ml

r2 � C1

ml

ln r� C2 �16�

where

A � 1

2

dpl

dz
�17a�

C1 � �R� dl��td ÿ A�R� dl�� �17b�

C2 � ÿ A

2ml

R2 ÿ C1

ml

ln R �17c�

The heat conducted, through the ®lm to the incremen-
tal element dz � r dy in Fig. 1, causes a change of con-

densate ¯ow as

ll

Ts ÿ Tw

ln
R� dl

R

dz � r dy
R� dl

� rlhlv

"
@

@z

 �R�dl

R

u dr � r dy

!
dz

� @

r@y

 �R�dl

R

v dr � dz
!
r dy

#
�18�

where ll is the conductivity of condensate ®lm, hlv is
the latent heat of condensation. Then, the mass ¯ow
rate of condensate, m

.
l, at axial position z can be

acquired by

_ml � ll�Ts ÿ Tw�
hlv

�z
0

dz

�2p
0

ln
R

R� dl

1

R� dl

r dy: �19�

For the known inlet vapor mass ¯ow rate, m
.
v0, by the

prescribed inlet vapor Reynolds number, Rev0, and the

hydraulic diameter of the annulus, we can determine
the average vapor velocity, uv, and vapor quality, x, at

di�erent axial position, z, from the mass balance for
vapor±liquid system, i.e.

uv � _mv0 ÿ _ml

rl

�2p
0

�R� dl� dy
�20�

and

x � _mv0 ÿ _ml

_mv0
: �21�

Assuming a linear temperature pro®le in the thin con-
densate ®lm, we have the local ®lm thickness, dl, as

a�z, y� � ll

R ln
R� dl

R

: �22�

The average heat transfer coe�cient along the periph-

ery can be thereby predicted as

�a�z� � 1

p

�p
0

a�z, y� dy �23�

with mean Nusselt number, Nu, as

Nu � �a�z� � do

ll

: �24�

This proposed analytical model can be solved numeri-
cally. The discretizations of governing equations were
taken along axis and periphery, respectively. The step

size in z direction was Dz = 0.1R, while the step size
taken in circumference direction was Dy=18. Using
the last calculated vapor velocity uv, shear stress td, tw,
and prescribed condensate ®lm thickness, which is

assumed uniform in every grid, the momentum conser-

Fig. 2. Schematic diagram of the test apparatus.
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vation equation was solved to determine the value of
liquid mass ¯ux. If it is not satis®ed with the mass

¯ow rate calculated from the energy conservation Eq.
(19), the value of ®lm thickness is changed slightly and
the same iterative process is repeated until the relative

discrepancy is less than 0.1%. After all the values of
dl, ml, x, uv, td, tw and a are thus calculated at a cross
section, the iteration is started at the next axial lo-

cation.

3. Experimental examination

Experiments were conducted to examine the pre-
dicted results. The experimental apparatus is shown in

Fig. 2. Water steam was used for test ¯uid.
The test setup consists of two main loops, namely,

the vapor±condensate and cooling water loops. The

cleaned water stored in the receiver is pumped into the
evaporator. The by-pass line at the discharge side of
the pump enables to regulate the liquid volume in the
evaporator. The evaporator is an electric boiler of

which the power can vary from 0 to 3 kW. The ¯ow
rate of superheated vapor generated by the evaporator
is adjusted by another by-pass valve at the outlet of

evaporator. The vapor passes through the adiabatic
section to come out in a saturated/superheated con-
dition. It is then condensed in the test section to a

saturated condition. Transparent tubes are connected
to both ends of the test section to visually inspect the
vapor conditions. The outlet condensate ¯ows through
the sub-cooling section to reach a subcooled condition

and comes into the volumetric cylinder to read the
volumetric ¯ow rate. Finally, it is collected to the
liquid receiver.

The cooling water loop designed for condensing the
vapor contains a water thermostat bath with a pump
and the adjustable temperature from 40 to 1008C. A

by-pass valve is also provided to adjust the ¯ow rate.
Varying the temperature and ¯ow rate of cooling
water, we can expect di�erent vapor quality at the out-

let of test section for a ®xed inlet vapor Reynolds
number. The ¯ow rate of cooling water is measured by
weighing the cooling water collected in a certain time.

The test section is really a tube-in-tube condenser
with counter¯ow arrangement, which is 300 mm in

length. The outer tube of the condenser is 11.97 mm
i.d. and is covered by a layer of insulation outside.
The inlet vapor through a mixer, ¯ows into the annu-

lus and is condensed along the outside surface of the
inner tube, while the cooling water ¯ows into the test
tube in the opposite direction, as shown in Fig. 3. Two

types of annulus are selected as test section with the
same outer tube but di�erent inner tube of 2.97 mm
o.d. and 5.98 mm o.d., signed by Type A and Type B,

respectively.
At the both ends of the total test section, the tem-

peratures of vapor/condensate were measured. The
inlet and outlet temperatures of cooling water of the

condenser and the condensate temperature in volu-
metric cylinder were also measured. All the tempera-
tures were measured by the 0.1 mm T-type copper±

constantan thermocouples calibrated with an accuracy
of 0.18C. The pressures were measured by pressure
gauge with an accuracy of 20.25%. The weighing ac-

curacy of cooling water is 0.5 g, while the accuracy of
volumetric cylinder is 0.1 ml.

Fig. 3. Details of test section. Fig. 4. Plot of predicted Nu vs vapor quality, x.
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Fig. 5. Variation of condensate ®lm thickness along circumference of inner tube, Rev0=6.3� 103.

B.-X. Wang, X.-Z. Du / Int. J. Heat Mass Transfer 43 (2000) 1391±13981396



Taking the arithmetic mean of inlet and outlet cool-
ing water temperatures as its average value, t-cool, and

the arithmetic mean of vapor temperature at both ends
of test section as vapor temperature, ts, we can obtain
the average condensation heat transfer coe�cient a-exp
for the test section as

1

�aexp

� ts ÿ �tcool

q
� do

2lw

ln
do

di

ÿ do

di

1

acool

�25�

where acool is the convective heat transfer coe�cient of

cooling water in inner tube, calculated by Dittus±Boel-
ter correlation. The average Nusselt number can be
thereby acquired by

Nuexp � �aexp do=ll: �26�

Before the tests started, the outer wall of the test tube
was treated with mechanical polishing and the inner
wall of the tube was washed by acetone repeatedly to

avoid organic and dirt contamination. At most test
conditions, the error of heat balance between sensible
heat of cooling water and latent heat of condensate is
less than 5%. For the uncertainty analysis, the basic

methodology of Kline and McClintock [14] was
adopted. From the analysis, the estimated average
uncertainty in the measurement of the present exper-

iments for Nu was225%.

4. Results and discussions

For carrying out a concrete analysis, we considered

the case of ¯ow condensation of steam with inlet
vapor Reynolds numbers, Rev0, from 2300 to 104. The
analytical predicting results are illustrated in Figs. 4
and 5.

The Nusselt number, Nu, for ¯ow condensation heat
transfer through annulus of both Type A and Type B
with di�erent inlet Reynolds numbers, are plotted as

function of vapor quality, x, in Fig. 4. The results with
neglecting the e�ect of surface tension on vapor±liquid
interface are given simultaneously for comparison.

According to Eq. (7), the e�ect of surface tension is
mainly embodied by the additional capillary pressure
drop due to the ®lm thickness varied along circumfer-
ence of tube. The degree of this e�ect is determined by

the condensate ®lm curvature and variation of ®lm
thickness. For annulus of Type A, in which vapor is
condensed on a small-diameter tube, the condensate

®lm curvature become obvious as compared with the
tube diameter, especially in lower vapor quality zone,
x R 0.45. Also for small-diameter tube, the bending of

condensate ®lm makes more liquid drained by gravity
along periphery, which leads to the ®lm accumulating,
and hence, the variation of ®lm thickness is enhanced

too. Therefore, an obvious deviation exists for neglect-

ing surface tension shown in Fig. 4(a). However, for

annulus of Type B with larger outside diameter of

inner tube, the variation of condensate ®lm curvature

does not actually in¯uence the condensation process

yet, so neglecting the capillary pressure drop due to

surface tension almost has no e�ect on Nu.

As the e�ect of shear stress on phase-change inter-

face enhances with increasing Rev0, more important

role of shear stress would be expected for thinning the

condensate ®lm thickness, and hence, Nu will increase.

However, the ®lm thickness increases rapidly with

decreasing x due to condensate accumulation. This

may lead to the case shown in Fig. 5(c), where the

thermal resistance comes dominantly from the conden-

sate ®lm layer, and so, there will be little in¯uence on

Nu for di�erent Rev0.

It is well known that, both the shear stress and the

surface tension on vapor±liquid interface can promote

the condensate distributing more uniformly along tube

circumference. Therefore, for ¯ow condensation of

vapor in horizontal annulus, the increasing shear stress

on vapor±liquid interface will improve accordingly the

condensate ®lm thickness distribution more even along

the inner tube periphery. This can be illustrated, at

di�erent vapor quality, x, for Type B compared with

that for Type A, as shown in Fig. 5. For annulus of

Type A with small-diameter of inner tube, the shear

stress decreases with decreased quality, thereby, the

surface tension will take more obvious e�ect in distri-

buting the ®lm thickness uniformly at low quality

zone.

Fig. 6 shows the comparison of the predicted aver-

age Nu number from analytical model with the exper-

imental results. It indicates that most of the

experimental values are within a range of ÿ30% to

+20% of the predicted values. As the estimated uncer-

tainty of the present experimental measurement of

Nuexp is about 225%, the deviation of predicted and

Fig. 6. Comparison of predicted value with experimental data.
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experimental results may indicate a little over-predic-
tion of the analytical model.

5. Conclusions

An analytical model, taking into account the e�ect
of surface tension on the nature of ¯ow condensation
on the outside surface of a small/mini diameter tube is

proposed.
For traditional industrial tube of which the diameter

is larger than about 6 mm, the surface tension has

actually negligible e�ect on Nusselt number for ¯ow
condensation and distribution of condensate ®lm along
the tube surface. However, for small/mini tube of out-
side diameter less than 3 mm, the e�ect of surface ten-

sion could not be neglected, especially in low vapor
quality zone.
In horizontal annulus, both the shear stress and sur-

face tension in¯uence the ¯ow condensation by means
of distributing condensate ®lm uniformly along tube
circumference. Comparison with the experimental data

veri®es the proposed analytical model to some extent.
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